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Chapter 41, Lgdfomm/ Stabilty. 4.]3

4. Autonomous sg;}ems

Stabijity of equlbrum points of non foear sysfems:

Methods 7o judge Whather a systers s stable, asympricaly stable,
OF unstable near an eq. pf.  which

) ot westicted to hyperbole o. pt

2 not reshicted 7o Plana Systens.

2 usueled For yezf'i‘g_ more. than Jocal resuffs.

Given x=Fco , i Pec¥) =0, then X* is an ey pt.
D WL0G we 7ake >x*—o:
suppose x®tq . Lef Z=x-X" Then
2=x= F(OD =F(2+ ) =36
whee 9l) = () =a.

0 Since %Sfem /S auTonomous , We caq Fake to=o.
:p@{ x5 /s
) _Stable i Veso, Fs= 5 p0 s+ p
Ix@ll <5 = Ixd|E Yy

1) (//15'7[%19[6 ‘,Z '.7L Js nD7L _ﬁ[qé)e, 0-e. j/ 3 £yo and VS?U/ 3 T>o0 amel
x()) whee |[xe| <§ ST lxwll>e For t=T

3 asgrnp?%ﬁ(d//% Stable i stable  and Am xiy - (.

t—>en



Tt 15 genetaly Athcult %o check for stabilty by Hs defmhon smce
We weed 7% sohe The 67014717@7.
. we wanl methods Fat Tl us svéb//'g without !0/{4'% he oDE-

Exampe. R@/e/ space critt o?/wﬂ/'cs. X=(q x2 2)7 /s ﬂvym/err
Veloaty in body Fured cordnates (agned along. pricpa/ axes) .

Ter gt Beler’s equators L Tals g,
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y :[3—1|

Xz—_ ’xp JCB
Iz

. I,1

zj___ | ~4+2 ’Z' x,
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LPJ’ E=_;t-(l,7(12+lg')£22+13 I:)—)Zeﬂ-
Ec 26 o T34 (L2-I3) 5,
'DXX ‘ ( I ) e
I;((Is—ll)x X, +
-I
%(LT*—)X,&
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= X1X2.)43 (1’1—13 +I2-1) +I.—Ia_) =0.

sSo ﬁLsags Hat agf)ﬂm,(s star] on energy e//,'fso/'a/ E()=c, ﬂej

Sty oh EO =c . So pick ¢ so thal E=c /s conTarmed ih Bg@).

(Here can prck §<X& (or =€) s4 FE=c <ormlains jn Bgl) < rgéco))

o can conclude Fhal x=o s stable.
. : . K=t
};ﬁ %/44/2 /5 c/am/om; n Hhe c///?/m?/cs S X = ‘,f(x) - (K"z‘)(z y —H,\f_h
k3acy
é = T\ X £ X) 4+ T e~ Kana) 4 Taxa (-K2xa) 0o Yx#0

So E_>0 as t _see S0 xX_—so0-
Con concludde x—o IS asymptotically stable.



Lgaﬂmﬂv ﬂ@ﬂel’d//g'cj nutior o}f energy:

V:D — /ﬁ Contin uoyé/g, cf//}%@,,ﬁpyé/e %u/)(f/bﬂ c/e/gm:(! n oo
diman De R" hal contains fhe oﬁg/n x*Co.
74(,«7'mornous Sgsfe.m'- x=Foc) s ?Z:D eﬁhis /Gcaé'L L,/p on D<R”

“Deorem ). ,(%Daﬁe
Vo)=0 & Vi >0 YxeD-{o] (poshie definte V)

O VL0 in D = X=0 is stable
( negatve semi definite)

0 V<o in {8 = Yoo asymploticaly stable.
cheja—hm definite)

N s caled a Lyapanov Lunctor -

Remark 1. Don? reed & sohe gpg.

Rerrack 2. s gives  Sotbaont oonobhph onﬁ (tonverse fim, bit)
ﬁemdrk 3. /n ﬁMﬂ// V /s /7.:7L aonstuchie y &1/7%0%/' ﬂﬂﬁ:/
4 choice % 7 Frg V=) X Px, PO

(or V= 5”67/ v% ,;v;é«ﬂ)

F/O“zz bwven €70, need b Had 550 there SCE
) Find odr<e  so that ﬁr/a)={xelﬁh/ /b(kr} c D.

2) Le’f <= /Z;;/f;r \Ys% ( f/{& FImmupr Vﬂ/M& on V on bounJﬂé’i # Br Co)

2) chosse oBt . Jof Qg - 3 xe Brd) JV(""ﬁ}
Claim ) "O'P will be in the nterior 0/ Br 0.
) L sa (mnf)ac?‘ saf.
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ﬁw% D% clhim ')_Suf/oase not. Then, Jpef2p st pe ixeﬁn://)///:rj.
So Vip 2= >B. However, pellp — Voo < B -
. claim /s proves Ly Cowtactior. 2 clpsed & boundled
4.) X©) &€ _()_% —> X e Qg Viyo - Because
Vo inD = Vixw) < V(XO) <R . W30
Thas any Jrgjectory Starfing Qg (af #0) Stays in g, Y430,

5) _ngr (omfdc?L L ivangn’ & Z Joc. Lip or D, '75; “heovom 33,
2=t x©) €Qp has a umgue. solitiore dfefined For all tzo .

é) \V: @tdinuevs , Vigy=0 = For B>o ., 3 s>0 s+
]¥I<s — Voo <f
Ther, Py < "D‘P c Br=Re 4
Xo) « Be xco)e—_(l/g —>x@de _(l/g = I(ﬁégr%x(t\e%
= Ixe\ <« 5 |xal < V>0 D X=0 [s stable.

Now 5«70/%&2 }/urﬂef 7%01’/' V<o in D-fo5. Need 70 Show hal as
1o, XW_50 i€, Y250, 3T>0 s fxp)<a V>
As abore gjkn avo, we can Hiad byo st ) < Ba .So Fwe
con showo Hal \ixd) —s0 o t—>e0 ,Then We Can Conclude Hat
Xt —50 As t—se0 (Since V50 imples 2} _50)

[Q) = IxeBa- ll\/(><>\|\<b7g 5 b < yin Veo)

\x\=o-



\ (X&) mono‘l‘orvi@llg_ Aecreasjnj &L bounded %/om be)oto ( V(x) )o}

— V(X4 —s<C >0,
100

C’N'm. C=0.

_mgf_ suppose <%0 . 752, Cbnﬁnu;%% o/[\/ nx, gil/gn €50, Fd>0 s+

12 <d = Voo , je B1 < e
o ifV 57@/95 at ¢, (N0 >c — X & BJ)

B
SE
Phern xev Juos oulside B for ol tzo. Q
- = ™ \./ ' ) y c
Ll - % 10 };;;y\ir ) (z_’)(IS’ILSn(c\/ ot & d<xllgr Compa 1)
,ﬁ\ﬁé -6 <o So

-E .
N(xd) = Vixo) — f Vix@) 4T < VX)) — 35t ¢ Tlage
0

corfradichon = <=o.
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Exmple . Radalm. ol = xa
Xy — —aSinX) —bxs A0 , by 0
(damprng)
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(0,0) B(70) are Two Cufbrom s We study x=p.
Jel Vex) = )/3(:_ + d.(,L(b.SX)

Vo) —0 &£ V9 >0 YXZ0

2

V= Aty A sinA) % =Xa(—asSin2) —bX2) 4 a 3inx s = -bX g0
= Sjakilhy

ait Lo dhis V/ camnd? draw aondusion  of asympeta/ stabitte
when 5 50, 74’01’” Thm ) Recavse V=06 hen x2 <o £ x
mrbn‘mg.

This e/mrr??/e, shows fhaf 43 8’"4”— a safﬂ Gront conclton. For Sfab@
& as. beause L Lol Hat G Ma/am/ 0 5 as.

Next we | show hoco 76 handle s Setnation :

T - ook aF- Fe sel where V=0 —» %,/ejs X2=0

PAINE on f/& jef . . .
’% NES me ch ia s Oﬂg Sa/ﬁflwz i 6744//

with the Fheoy we fone. sotar, wait % choose o difformt

V 1o fmm s jgvr L>o.
(Onﬂa/ef Vo = /9_ ){rpx —+ o ()-Cos )()) ) P>o0
check Pt /fc}wose P ("/z b/:,) v0, e

V=l (LJ‘H‘)—”—)Z—}— by ~a + o ()-cos X))
s positive def. L Vo) =0 & V==Y bxz - )p abx SinX) <o
for D depnes] st X e (“FE). Then V<o on D- $0}
= Xx=0 15 As. &Y TThm 4]



